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Abstract Let E be an elliptic curve over a number field F and K = F(\/D) 
be a quadratic extension of F. In this paper, for E and its quadratic twist Ed, by 
calculating the cohomology groups, we obtain an explicit formula relating the orders 
of the Shafarevich-Tate groups III {E/F),m (Ed/F),!!! (E/K) and the ranks of 
the groups of F— rational points of E and E^. Then, assuming the finiteness of 
Shafarevich-Tate groups, we prove by a simple way different from the recent paper 
[Dok] that each square free positive integer n = 5,6 or 7(mod8) is a congruent 
number; and for several families of elliptic curves En : y"^ = — n^x, we prove that 
the orders oiJIL{En/Q{y/n)){= JIl{Ei/Q{y/n))) are equal to the squares of a product 
of 2— th powers with the n(or n/2)— th Fourier coefficients of some modular forms of 
weight 3/2. In particular, unconditionally, we obtain the values of III {E/Q(\/D)) 
for some elliptic curves E and integers D, e.g., we show that all III {E/Q{\/1D)) are 
trivial for the elliptic curve E of conductor 37 and the 23 integers D in Kolyvagin's 
papers. 
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1. Introduction and statement of main results 

Let F, K be number fields with K = F[\fD) a quadratic extension of F for some 
D e F*\F* . Let G = Gal(X/F) =< cr > be its Galois group with a generator a. Let 
E be an elliptic curve defined over F and Ed he its quadratic D— twist (see Section 
2 below). By the Mordell-Weil Theorem (see [Sil]), the group E{F) of F— rational 
points of F is a finitely generated abelian group, so are the groups Ed{F) and E{K). 
For simplicity, in the following, we denote rp — rank£'(F), rD,F — rank£'£)(F) and 
tk = mnkE(K). Let DI (E/F),m (Ed/F) and DI (E/K) be the Shafarevich- 
Tate groups of E over F, E^ over F and E over K respectively (see [Sil] for the 
definition) . 

Throughout this paper, for a set S, we denote its cardinal by jS. For arbitrary 
abelian group A and positive integer m, we denote mA — {ma : a & A} and 
A[m] — {a & A : ma = 0}. If >1 is a G— module, then one has the following Tate 
cohomology groups : 

h"(G',A) =H"(G',A) ifn>l; U{G,A)=A^/{l + a)A. 

For the basic facts of cohomology groups H"(G, ^4) (0 < n e Z) and Tate cohomology 
groups H (G, A) {m G Z) of G— module ^4, see [Se, part three] and [AW]. 

In this paper, firstly, by calculating the Herbrand quotients, we obtain the order 
of B^{G,E{K)) as follows: 



Theorem A (see Theorem 2.5 below). 



■ iE{F) : NuiFj). 



Depending on this conclusion, then by the results of Yu and Gonzalez- Aviles (see [Y], 
[GA]) on the Shafarevich-Tate groups of abehan varieties over Galois extensions, and 
the results of Mazur, Kramer and Tunnell (see [Ma], [Kr] [KT]) on local norm indices, 
we obtain the following formula relating the orders tim{E/F) , ^m{ED/F) , ^m{E/K) 
and the ranks rp, rD,F- 

Theorem B (see Theorem 3.2 below). 
Assume that the Shafarevich-Tate groups are finite. Then 



Corollary C. Assume that the Shafarevich-Tate groups are finite. Then 
TK = rD,F -rF = S{E, F, K) (mod 2). 

Proof. By a well known theorem of Cassels (see [Si 1], chapt.X, Thm.4.14), the 

orders jilII(£'/F), '^'W.{Ed/F) and '^1J1{E/K) are perfect squares. So the congruences 
follow from the above Theorem B and the fact that tk — rF + rD,F (see [ABF],[RS]). 
The proof is completed. □ 

Let L{E/F,s) be the Hasse-Weil L— function of the eUiptic curve E over F, 
then the Birch and Swinnerton-Dyer conjecture says 



^UI{E/F)4m{ED/F) 
m(E/K) 



where S{E, F, K) is the MKT index of E over K/F (see Def.3.1. below). 



Conjecture (Birch, Swinnerton-Dyer) 



(BSD 1) ord,=iL(£;/F, s) = rp; 



L{E/F,s) ^ ^^^^jin(£;/F)n.eM.c„ 



(BSD 2) lim / ';j = ^E/F X Reg^,^(£;) x 



) tors 



(see [D, chapt.I] for a detailed statement and explanation). In the following, for 
convenience, we call it the full BSD conjecture. As in [D] , we denote 



(BSD)^ .(£;) = Reg^ .(£;) x 



yd(F) X mF)Ls ■ 

Another related important conjecture is the following Shafarevich-Tate conjecture 
Shafarevich-Tate Conjecture. Each III (E/F) is a finite group. 

A weak form of the BSD conjecture says that L{E/F, 1) = if and only if E{F) 
is an infinite group. For a square free positive integer n = 5, 6 or 7(mod8), it is well 
known that if the weak BSD conjecture holds for the elliptic curve En : = x^—n'^x, 
then n is a congruent number (see [Kob], p. 92), and a theorem of Tunnell gives an 
almost complete solution of the famous congruent number problem if the weak form 
of the BSD conjecture is true (see [T] and [Kob]). By using the above Theorem B, 
we obtain several results about the ranks of the elliptic curves En and the congruent 
number problem as follows: 

Theorem D (see Theorem 4.3 below). 
Let n be a square free integer satisfying one of the following conditions 

(1) n > and n = 5, 6 or 7 (mod 8); (2) n < and n = 1, 2 or 3 (mod 8). 
Then for the elliptic curves E — Ei -.y^ — x^ — x and En as above, if both III (£'„/Q) 
and III {E/Q{^/n)) are finite, we have 

rank(E(Q(Vn))) = rank(K(Q)) = 1 (mod 2). 



In particular, both E{Q{^yn)) and En{Q) are infinite groups. 

CorollEiry E. Assume that the Shafarevich-Tate conjecture is true. Then each 
square free positive integer n = 5, 6 or 7 (mod 8) is a congruent number. 

Proof. It is well known that n is a congruent number if and only if -E'n(Q) 
has non-zero rank (see [Kob], p.46), and then the conclusion follows from the above 
Theorem D. The proof is completed. □ 

Remcirk. After this paper finished, in an email on March 24, 2010, Professor 
John Coates kindly told the author the following fact: Tim and Vladimir Dokchitser 
proved several years ago in [Dok] the parity conjecture for all elliptic curves over Q 
and all primes p. Thus, if assume the finiteness of the p— primary part of M for one 
prime p, their result will imply that En with n = 5, 6 or 7 (mod 8), has a Q— point 
of infinite order. 

This result is stronger than those of the above Theorem D and Corollary E, mean- 
while, the method here is different and simple. 

It is well known that the L— function L{E/Q,s) — '^bmrn"^ of the elliptic 
curve E — El : y"^ — — X corresponds to a weight two cusp form g — ^ bm(f^ € 
'S'2(ro(32)) (see [Kob], p. 217), and for the eUiptic curve En, by Tunnell's theorem 
(see [T] or [Kob, p.217]), there exist a form / = Eom?"" e -53/2 (ro( 128)) and a 
form /' = '^a'n^q™' G 5'3/2(ro(128), X2) such that their Shimura lifts Shimura(/) = 
Shimura(/') = g and 




where uj = 



-00 dx 
1 Vx^—x 



2.6220575 is the least positive period of E/Q. 



By using the formula in Theorem B above, we obtain some results of 
III {E/Q{^/n)) and the full BSD conjecture for E over Q{^/n) as follows: 

Theorem F (see Theorem 4.4 below). 
Let n be a square free integer satisfying one of the following conditions 

(1) n > and n = 1, 2 or 3 (mod 8); (2) n < and n = 5, 6 or 7 (mod 8). 
Then for the elliptic curves E — Ei : y'^ — — x and E^ as above, if the full BSD 
conjecture is true for En over Q with L(£'„/Q, 1) 0, and III {E/Q{^yn)) is finite, 
we have 

r 2-4 • if n > and n = 1 (mod 8), 

2~^ • if n > and n = 3 (mod 8), 

2-2 • (a;/2)2 if n > and n = 2 (mod 8), 

if n < and n = 5 or 7 (mod 8), 
if n < and n = 6 (mod 8), 
where a\n\ and aj„/2| Fourier coefficients of the above modular forms / and 

Moreover, the full BSD conjecture is true for E over the quadratic field Q(\/n). 

Remcirk. (1) Note that and are isomorphic over Q(y^), and = 
so in particular jj JII{En/Q{^/±n)) — ji ni{E/Q{^/±n)), and one has all the same 
results for En over Q(\/n) as E in the above Theorem F. Moreover, the Fourier 
coefficients a„ and {n > 0) can be determined by the number of solutions of 
some concrete quadratic forms in three variables (see Tunnell's theorem in [T] for 
the detail). 

(2) For E and En in the Theorem F above, it seems from the proof of Theorem 
4.4 below that the ratio ^ UI{E/Q{y/n))/^ III(£;„/Q) may be possibly arbitrarily 



2-2 ■ al. 



large, for example, for a square free positive integer n = 1 (mod 8), then under our 
assumption, one has ft III(E/Q(Vn))/ft III(E„/Q) = 22'^o(")-4, where a;o(n) is the 
number of odd prime divisors of n. 

Example G. For the eUiptic curves En : — — v?x and E — Ei as above, 
assume that III {E/Q{^/n)) is finite. 

(1) If n = ±p, p is a prime number, and p = 3 (mod 8), then 



in particular, all such are even. Moreover, the full BSD conjecture is true for E 
over both Q(^) and Q(a/=p)- 

(2) Suppose n — ±pi---pm = 1 (mod 4), where pi,--- ,Pm are distinct prime 
numbers with Pi ^ 5 (mod 8). If Sfc(n) = 1, then 



(3) Suppose n = pi ■ ■ ■ Pm, where Pi, • • • ,Pm are distinct prime numbers with pi = 
3 (mod 8) and p2 = ■ ■ ■ = Pm = ^ (mod 8). If S2m-i(~^) — 1; then 

ft Ul{E/Q{y/n)) = 2"^ • al, in particular, 2™ || a„, i.e., t'2(a„) = m. 

Moreover, the full BSD conjecture is true for E over Q{^/n) in cases (2) and (3). 
Here Sk{n) and S2m-ii—'n) are the F2— valued functions on n and its Gaussian prime 
factors defined in [Z]. 

Proof. (1). By a theorem of Rubin (see [R2], P.26), the full BSD conjecture 
is true for Ep : y'^ — — p^x over Q and L{Ep/Q, 1) 7^ 0, so the conclusion follows 
directly from the above Theorem F. 



ft m(£;/Q(vp)) = ft m(i?/Q(^/=^)) = ^aj 




if n > and n = 1 (mod 8), 



if n < and n = 5 (mod 8). 



(2) and (3). By the Theorem 2 and Proposition 3 in [Z], the full BSD conjecture 
is true for = — n^x over Q and L{En/Q, 1) 7^ in these cases, so the 

conclusion of the orders of the Shafarevich-Tate groups and the full BSD conjecture 
for E over Q,{^yn) follows directly from the above Theorem F. Now we come to 
compute the 2— adic valuation of a„ in case (3). In fact, by the Theorem 2 in 
[Z], we know that, if S2m-i{—n) — 1, then L(£'„/Q, 1) 7^ and the 2— Selmer 
group S^'^\En/Q) has order 4. So by a theorem of Coates- Wiles (see [CW]), one 
has r„,Q = rank£;„(Q) = 0, so K(Q)/2£;n(Q) = K(Q)[2] = (Z/2Z)' . Then by the 
exact sequence (see [Sil], chapt. X, Thm. 4.2) 

^ EM)/2EM) ^ S^^\EJQ) ^ m (E„/Q)[2] ^ 

we get III {En/Q)[2] = 0, hence the 2-primary part III (K/Q)[2~] = 0, and so 
d III(E„/Q) is odd. But, from the fact that the full BSD conjecture for En over Q, 
it is easy to know that iJIII(£'„/Q) = 2~^™a^ (see the proof of Theorem 4.4 below), 
so V2{an) = m. The proof is completed. □ 

Lastly, we give a result of the Shafarevich-Tate groups related to the Heegner 
points as follows: 

Theorem H (see Theorem 5.1 below). 

(1) Let E be an elliptic curve defined over Q, and K — Q(\/D) be an imaginary 
quadratic field satisfying the Heegner hypothesis. Let Pk be a Heegner point of 
E{K), if Pk is of infinite order, then 

m{E/Q)-m{Eum ^ | ■ ^^^^^ ■ ^ °' 

UI{E/K) I 2-^-^^-^o ■ (E(Q) : NoiQ)Y if L{E/Q, 1) = 0. 

(2) For the elliptic curve E : y"^ = x^ — x + ^ and the imaginary quadratic field 



K — Q(-\/D) satisfying the Heegner hypothesis, if the Heegner point Pk £ E{K) is 



of infinite order, then 



In particular, for each D e {-7, -11, -47, -71, -83, -84, -127, -159, -164, -219, 
- 231, -263, -271, -287, -292, -303, -308, -359, -371, -404, -443, -447, -471}, 
the group III (E/K) is trivial. 

By these methods, one can obtain other similar examples as done in Example 
G and Theorem H above. 

2. Quadratic twists and cohomology groups 

Let F,K be number fields with K = F(\/D) a quadratic extension of F for 
some D e F* \ F*^ Let G = Gal{K/F) =< cr > be its Galois group with a 
generator a. Then cr^ = id and a{\fD) — —\fD. Let E : y"^ = + ax + h he 
an elliptic curve defined over F, i.e., a,b & F. Its quadratic £)— twist is given by 
Ed : y"^ — x^ + aD'^x + bD^ (see [Sil]). Since E and E^ are X— isomorphic as given 



we have E{K) ^ Ed{K), UI (Ed/K) ^ UI {E/K) and rF + rD,F = tk (see [ABF], 
[RS]). Denote 



Rn{F) = MEnm = \[^. : (x, y) e F^(F) U {0} C F(/r). 



Obviously, Rd{F) is a subgroup of E{K), and Rd{F) = Ed{F) as abstract groups. 
Lemma 2.1. Rd{F) = {P G E{K) : a{P) = -P}. 



by 





Proof. LetOy^Pe Rd{F), then P = (f , for some {x,y) e Ed{F). 

So ^(^) = (§, Z^) = -(f , ^) = Conversely, if O 7^ P = (x, e E{K) 
satisfying a{P) — —P, then {ax, ay) — {x, —y), so ax — x and ay — —y, and then 
X E F. Since y E K, we may write y = s + with s,t G F. By a"(s + ty/D) — 
— (s + we get s = 0, which imphes y = t\fD. Obviously, [Dx^tD'^) e Ed{F), 
hence P = {x,ty/D) = (t)D{Dx,tD'^) e (I)d{Ed{F)) = Pd(-^)- This proves Lemma 
2.1. □ 

It is easy to see that the two maps 

(fi: E{K) ^ E{K), P^P + aP (yP E E{K)) and 
ip2-- E(K) ^ E(K), P^P-aP (yPeE(K)) 

are endomorphisms of abelian group E{K) with kernels ker</7i = Rr,{F) (by Lemma 
2.1) and ker(^2 = E[F) respectively. We denote Nr>{F) = im.(pi, the images of (^1; 
and Td{F) — im(/?2, the images of </72- Obviously Nu{F),Td{F) and Rd{F) are 
finitely generated abelian groups because they are subgroups of E{K) (see [L2]). 
We have 

2E{F) C Nn{F) C £;(P), 2P^(P) C Td{F) C ^^^(i^). 

Moreover, by the former discussion and the following exact sequences of abelian 
groups 

O — > Rd{F) E{K) -^"^^ Nd(F) — > O and 

O — > E{F) E{K) — v'^^ Td{F) -^O, we get 

i:wkE{K) = rankPc(i^) + rwkNoiF) = rankS(P) + rankrD(i^), 

rankTi5(P) = rank£;z?(P) = rankPi5(P), rwkND{F) = rank^(P). 



In particular, the quotient groups E{F)/Nd{F) and Rd{F)/T]:,{F) are finite abelian 
groups. 

Lemma 2.2. 

(1) RDiF)[2]^RniF)nEiF)^EiF)[2]. 

(2) Tn{F)[2] = Td{F) n E{F) = Tn{Ff C RoiFf = E{F)[2]. 

(3) The inverse images of 2Rd{F),2E(F) under ip2, respectively are given by 
if^\2RD{F)) = E{F) + Rd{F) = ^^\2E{F)). 

Proof. (1) Let P e E{F)[2], then 2P = O and aP = P, so aP = P = -P, 
by Lemma 2.1, P e i?D(i^). So £;(F)[2] C i?D(i^)[2] and E(F)[2] C n £;(F). 

Now let P e i?D(i^)[2], by Lemma 2.1, P e E{K),aP = -P and 2P = O. So 
P e S(P)[2]. Hence PD(i^)[2] C ^(P)[2] and so Rd{F)[2] = E{F)[2]. Lastly let 
P e PD(i^) n £;(P), then P ^ aP ^ -P, so 2P = O and then P e £^(P)[2]. Hence 
Rd{F) n ^(P) C £^(P)[2] and so Rd{F) n ^(P) = P(P)[2]. This proves (1). 

(2) For P e rD(P), we have P ^ Q - aQ ^ 2Q - {Q + aQ) for some Q e E{K). 
Then it is easy to see that 2P = ^ P e ToiFf ^ 2Q e E{F) ^ P e E{F). 
Hence TDiF)[2] = rD(P) n E{F) = Td{F)^. On the other hand, by definition, 
ToiFf C PD(i^)^ = ^(^)[2]- This proves (2). 

(3) For P e P(P) + Pi?(P), we have P = Pq + Qo with Pq G P(P) and Qo e 
Rd{F). By Lemma 2.1, crQo = — Qo, so by definition, (p2{P) — <P2{Po + Qo) — 
Pq + Qo- <j{Po + Qo) = 2Qo e 2Rd{F), hence P e ^^^^RoiF)). This implies 

£;(p) + Pi5(F)c(^2-^(2PB(p)). 

Conversely, for P e (P2^{2Rd{F)), we have (^2(-P) = 2Q for some Q e Rd{F). By 
Lemma 2.1, Q + crQ — O, so by definition, P — crP = <P2{P) — 2Q — Q — aQ, i.e.. 



P-Q = a{P-Q), so P-Q e E{F), and then P e Q+E{F) C Rd{F)+E{F). This 
imphes ^^^{2Rd{F)) C E{F) + Rd{F). Therefore, ^^^{2Rd{F)) = E{F) + Rd{F). 
One can similarly prove that (^J-^(2£;(F)) = E{F) + Rd{F). This proves (3), and 
the proof of Lemma 2.2 is completed. □ 

Lemma 2.3. 

{E{K) : E{F) + Rd{F)) = (T^(F) : 2i?B(F)) = (NoiF) : 2^(F)). 

Proof. Let A = B = + / = ipi, then by Lemma 2.2 and 

the formula of norm index (see [L 1], pp. 46, 179) 

{A : B) ^ {Af : Bf){Af : Bf) 

we get (E(K) : E(F)+Rd(F)) = (ME(K)) : (^i(£;(F) +i?i,(F)))(ker(^i : kerc^i \b 
) = (7V^(F) : 2E{F)) ■ {Rd{F) : = {Nd{F) : 2E(F)). By taking / = <^2 we 

can similarly obtain that {E{K) : £;(F) = (Td(F) : 2Rd{F)). This proves 

Lemma 2.3. □ 

For the G-modules E{K), E{F), Rd{F),Td{F) and Aro(F), we have the fol- 
lowing results about their corresponding cohomology groups: 

Proposition 2.4. R\G,E(K)) = Rd(F) /Td(F); R\G,E(F)) = E{F)[2]; 
R\G,Rd{F)) = Rn{F)/2Ro{F); li\G,To{F)) = To{F)/2To{F); 
li\G,ND{F)) = Nn{F)[2]. 

Proof. Since G is cyclic, by the explicit formulae of cohomology of finite cyclic 



groups (See [Se], pp.133, 128 for the details), we have 

R\G, E{K)) = ker^i/im^2 = Rd(F)/Td(F); 
R\G,E{F)) = ker{ip^\E{F))/im{ip2\E{F)) = E{F)[2]; 
R\G,Rd{F)) = ker{ip,\RD{F))/im{ip2\RD{F)) = Rd{F) I2Rd{F); 
}l\G,Tn{F)) = ker(99i|TB(F))/im((^2|TB(i^)) = Td{F) /2Td{F)- 
}1\G,Nd{F)) = ker(^i|7V^(F))/im((^2|A^D(F)) = Nd{F)[2\. 

This proves Proposition 2.4. □ 

Theorem 2.5. The order of the group H^(G, E{K)) is 

m\GMK))^ 2^^.-tt^(F)[2] _ 2-,-p(F)[2] 



{E{K) : + {Nd{F) : 2E(F)) 

= 2''°-^-^^ • {E{F) : Nd{F)). 

Proof. Let A = Rd{F),B = and C their corresponding 

Herbrand quotients are 

h{A) = ho{A)/hi{A), h{B) = ho{B)/hi{B), h{C) = ho{C)/hi{C), 

where /i^(-) is the order of H™(G, •) (m = 0, 1) (see [AW], p. 109). Since 2E{F) C 
Nd{F) C E{F), rankED(F) = ranki?D(i^) and rankAr^(F) = rank£;(F), by 
Lemma 2.2 and Proposition 2.4, we have 

mD{Ff/^i{RD{F))) mFM 



h{E{K)) 



%^\G,Rd{F)) mD{F)/2RD{F)) 
mKr/ME{K))) _ mF)/Nn{F)) 



m\G,E{K)) m\G,E{K)) 
2''^JE(F)[2] 
" m\G,EiK))-iNniF):2E{F)y 
(J,.. _ mDiFf/viiNpiF))) _ i{No{F)/2Nr>{F)) _ 



Since O — > Rd{F) — > E{K) — ^"^^ Nd{F) — > O is an exact sequence of 

G— modules, by the theorem of Herbrand quotient (see [AW], Prop. 10 on p. 109), 

we have h{E{K)) — h{RD{F)) • h{ND{F)). Therefore by the above calculation and 

Lemma 2.3, we get 

, ^ 2-^.^JE(F)[2] ^ 2-^.^JE(F)[2] 

^ ^ ' ^ {Nd{F):2E{F)) {E{K) : E{F) + Rd{F)) 

= 2'^°'^-^^ • {E{F) : Nd{F)). 

This proves Theorem 2.5. □ 

Corollary 2.6. If = and E{F)[2] = {O}, then E{K) = E{F) + Rd{F) 
and ^R^G, E{K)) = 2^^.^ = 2''^. 

Proof. If and E{F)[2\ = {O}, then by the Mordell-Weil theorem, 

E{F)/2E{F) ^ {Z/2Zy^ © E{F)[2] = 0. So (iVD(F) : 2E{F)) = 1 because 
Nd{F)/2E{F) C E{F)/2E{F), and then the conclusions follow from Lemma 2.3 
and Theorem 2.5. This proves corollary 2.6. □ 

3. The Shafarevich-Tate groups upon quadratic extension 

For the quadratic extension K/ F of number fields and the elliptic curve E (over 
F) as above, write Mp (resp. Mk) for a complete set of places on F (resp. K), let 
5*00 be the set of infinite (i.e., Archimedean) places of F and S be the set of finite 
places of F obtained by collecting together all places that ramify in K/F and all 
places of bad reduction for E/F. Fix a place w e Mk lying above v for each v e Mp. 
Denote Gal(i^^^/F^) by G^, where F^ and are the completions of F at w and 
K aX. w, respectively. The discriminant of the elliptic curve E over F is denoted by 
A(£^). In the following, we set 



'S'oo,! — {all real places of F} c -S'oo; 

Sq = {v & S : V is ramified or inertial in K}; 

Sg — {v e So : V \ 2 and E has good reduction at v}; 

Sgu — {v G So ■ V \2, E has good reduction at v and is unramified over Q2}; 
Sar = {v & So : E has additive reduction at t;}; 

Sa — Sar ^ {v E So V \ 2, E has good reduction at v and Fy is ramified over Q2}; 

Ssmr = {v E So : E has split multiplicative reduction at v}; 

Snsmr — {v & So E has non-split multiplicative reduction at v} 

= S'nsmr ^ S'^smr (the disjoint uniou), where 

S'nsmr ^ {v & Snsmr '■ V is inertial in K}, 

Ksmr = e Snsmr ■ V is ramified in K}. 

Obviously, So = SgU Sgu U U Sgmr L-l Snsmr (the disjoint union). For each v e 5*00,1, 
let (T„ : F — >■ = R be the corresponding real embedding, so (T^(a) e R for any 
a E F. For each finite place v of F, we use v{-) to denote the normalized additive 
valuation of Fy, i.e., v{F*) = Z. Let || a (ftA;^)"''^"^ (a e F„) denote the absolute 
value on F„ {k^ is the residue field oi Fy), so is the meaning of || a on Ku,. Let 
A^, Ai),^, and A^ be the minimal discriminants for E over F^, Ed over F„ and F 
over Kyj (see [Sil]), let Cy,CD,v and be the fudge factors (or Tamagawa factors) 
for E over F^, Ed over Fy and F over K^j (see [R 3]), and let d{Ky,/Fy) be the 
discriminant of Kyj/F^, determined up to the square of a unit of F„ (see [KT], p. 
332). We also let ( , )f^ denote the Hilbert norm- residue symbol, a bimultiplicative 
form ( , ■ F* X F* — > /i2 = {1, — 1} whose properties are described in [Se]. For 
a vector space V over F2, the finite field with 2— elements, we denote its dimension 



by dim2 V. 

Definition 3.1. We denote 6{E, F, K) — 5oo-\- Sf, where 
^oo = ^{v e -^oo,! : V is ramified in K and ay{A{E)) > 0}, and 

veSo \ \ II Ik- / 

We call 6{E, F, K) the Mazur- Kramer- Tunnell index (for short, the MKT index) of 

E over K/ F (for an arithmetic meaning of each term of the above summation, see 

[KT, p. 332] and [Ma, pp. 203, 204]). By the results of Kramer on the local norm 

index in [Kr], one can calculate 5f alternatively for most cases as follows: 

— + ^a-i where 5g, 5rn and 5a are defined as follows: 

5a = ^dim2(£;(F,)/7V(i^J); 

veSa 

= ^smr + ^nsmr with 8smr = ^ (1 + (A^, D)f,) and 

smr 

Ksmr^\ E (1 + (-ir^^"^) + E (^(l + (A.,i^)^J-(-l)^(^") + l); 

Sg = E dim2 -B^(A;^)[2] + E ^('y), where 

veSg veSgu 

I (l — (—1)^^^)) • [Fv : Q2] if E has good supersingular reduction at v, 

1(3 + (A^, D)f^) if E has good ordinary reduction at v. 
Here E^ is the reduction of at f , is the residue field of F^. Note that 5a is 

usually most difficult to compute (see [Kr]). 

Now for the Shafarevich-Tate groups UI {E/F),UI (Ed/F) and UI (E/K), we 

have 

Theorem 3.2. Assume that the Shafarevich-Tate groups are finite. Then 

m{E/F).miEn/F) ^ ^,^,_,^_siE,.,K) . .^.^^ . ^ .^^^2 
tiUI{E/K) ■ ''^^^^^ ' 



s{v) 



where S{E, F, K) is the MKT index of E over K/F. 

Proof. By the Main Theorem of [Y], we have 

^m{E/F)-^m{ED/F) _ p°(G,i^(K)).p^(G',E(ir)) 
m{ElK) \{.^mM{G^,E{K^)) 

By definition (see [Se]), ^{G,E{K)) = E{K)^ / {I + a)E{K) = E{F)/Nd{F), so 
by the above Theorem 2.5, we get 

ft U1{E/F) ■ ft UI{Ed/F) _ 2'"^'^-'^^ ■ {E{F) : ND{F)f 

On the other hand, by the Lemma 2.3 in [GA], we have H^(G^, E{Kw)) — for any 
V ^ SUSoo- Therefore 

ftm(E/F)-ftm(Eo/F) ^ 2-^.^--^ ■ {E{F) : iV^(F))^ 

ft UliE/K) Yl.esus^ m\G^, E{K^)) ' ^ ' ^ 

By our assumption, the Shafarevich-Tate groups are finite, also {E{F) : Nd{F)) < 
oo because rank£^(F) — rankA^D(F), so by the above formula (3.1), }i^{Gw, E{Kyj)) 
is a finite set for each v E S U Soo- 

Let V e Soo, if V is unramified in K, then H^(G'„,, E{Ku,)) — because = = R 
or C. So we may assume that v G 5*00,1 and v is ramified in K, then F^ = U. and 
= C. By the Theorem 2.4 of Chapter V in [Si2], we have 

r if a,(A(E)) <0, 
Hi(G^,E(i^^)) = Hi(Gal(C/M),E(C)) ^ <^ 

[ Z/2Z if (7„(A(£;)) > 0. 

Hence 

H m\G^, E{K^)) = ft (Z/2Z)^- = 2^-. (3.2) 

Let e 5", if ^; ^ (S'o, then ^; splits completely in so i^^u, = F„ and then 
H^(G^, E{Ky,)) = 0. For v e 5*0, since H^(Gty, E{Kw)) is finite as mentioned above. 



by Proposition 4.2 of [Ma], we have ttH^(G'^, E{K^)) = {E{F^) : N{Ky,)). Hence by 
the Theorem 7.6 and the Remark in [KT, pp. 332, 333] (or by Prop.l ~ 5 in [Kr]), 
we get 

l[m\G^,E{K^)) = J] ^R\G^,E{K^))^2'f. (3.3) 
Substitute (3.2) and (3.3) into (3.1), we get 

This proves Theorem 3.2. □ 

4. Shafarevich-Tate groups, congruent numbers and and BSD conjecture 

Let n e Z \ {0, 1} be a square free integer and K — Q{^/n) be a quadratic 
number field. In this section, we consider elhptic curves E : = — x and 
En '■ — — n^x. All these curves have complex multiphcation by Z[-\/^], the 
Gaussian integral ring. Let w e be a place of K lying over 2, as in section 
3 above, recall that the notations and represent the minimal discriminant 
and the fudge factor for E over X^, respectively. Denote by ord^y the normalized 
additive valuation of Kyj. 

Lemma 4.1. We have 

A ( \ \ - j ^ ifn = l (mod 4), 
ora^^ZA^j - \ 12 if n = 2 or 3 (mod 4), and 

_r4 ifn = 2or7 (mod 8), 
^"'~\2 if n = 1,3,5 or 6 (mod 8). 

Proof. It is well known that, up to isomorphisms, there are exactly seven 

quadratic extensions of Q2, namely, Q2(v^), Q2(v^), Q2(V2), Q2(v^), Q2(V3), 

Q2(-s/— 6), Q2('s/— 6) (see [W], p. 248). Furthermore, one can easily verified that 



K — 



n = l(mod8); ^ Q2(v^) <^ ^ = 5 (mod 8); 



= Q2(^/=2) 



n = 7(mod8); /sT^ ^ Q2(\/3) <^ n = 3 (mod 8); 
n=U (mod 16); ^ Q2(v^) <^ = 2 (mod 16); 



^ n = 10,26 or 42 (mod 48); 
Kyj ^ Q2(^) <^ n = 6, 22 or 38 (mod 48). 

Next, by Tate's algorithm (see [Ta], [Si2]), after a tedious calculation, we get 



UK, 



E2, \£2[ 



'^),Q2(^), 02(73) or Q2(V6), 



4 iiK^ = Q2(^), Q2(^) or Q2(^), and 
ord^(A^) = 

from which the conclusion follows, and the proof is completed. □ 



6 if n = 1 (mod 4), 

12 if n = 2 or 3 (mod 4), 



Then we compute the MKT index 5{E, Q, K) of E over K/Q as follows: 



Lemma 4.2. We have 



S{E,Q,K) = { 



2uo{n) 

1 + 2uo{n 
3 + 2uo{n 

2 + 2c<;o(n 

1 + 2uo{n 

2 + 2ujo{n 

3 + 2uo{n 

4 + 2(^0 (n 



if n > and n 
if n > and n 
if n > and n 
if n > and n 
if n < and n 
if n < and n 
if n < and n 
if n < and n 



1 (mod 8), 

5 or 7 (mod 8), 

6 (mod 8), 

2 or 3 

1 (mod 

5 or 7 

2 or 3 

6 (mod 



(mod 8), 

8), 
(mod 8), 
(mod 8), 



where uJo{n) is the number of odd prime divisors of n. 



Proof. Since A{E) — 64 > 0, E has good reduction everywhere except 
at 2 with additive reduction. So, by definition, 5*00,1 = {00}, 5* = {2} U {p : 



p is a prime and p \ n},S, 



gu 



and 5g = 5 \ {2}. So 5^ = 0, 



and 5oo = (resp., 1) if n > (resp., n < 0). Moreover, for each odd prime 
p, E has good reduction at p, and it easy to see that £'(Fp)[2] = (Z/2Z)^ , so 
^9 = Ep6S,dim2^(Fp)[2] = 2uJo{n). Hence by definition, 6{E,Q,K) = 6^ + 6g + 



+ — 2a;o(n) + (^oo + ^a- We divide our discussion into the following cases. 
Case A. n = 1 (mod 8). Then 2 splits completely in K, and then Sa = 0, so 5a = 0, 
which implies 6{E, Q, K) — 2u!o{n) (resp., 2uJo{n) + 1 ) if n > (resp., n < 0). 
Case B. n = 2, 3, 5, 6 or 7 (mod 8). Then 2 is ramified or inertial in K, so Sa — {2}. 
Let w e Mk be the unique place in K lying above 2, then K^^ = Q2(v^) is a 
quadratic extension over Q2. By Def.3.1 above and the Thm.7.6 in [KT], we get 

Sa = dira,{E{Q,)/N{K^)) = log, f ^ f " ^f^'f' "^^ ■ (4.1) 

\^ V II Ik,,, / J 

Now we only need to compute all the values of c,, c„_2, c^, ^2, ^n,?;) and d^. 
Firstly, by a method in ([KT], p. 331) it is easy to see that 



n if n = 5 (mod 8), 

An if n = 2 or 3 (mod 4). 



Next, for the eUiptic curves E and E^ over Q2, by Tate's algorithm (see [Ta], [Si2], 

[R3]), one can easily obtain that f2(A2) = 6, = 2 and 

^^2(A„,2) = 6 if n = 3, 5 or 7 (mod 8); V2{An,2) = 12 if n = 2 or 6 (mod 8); 

Cn,2 = 2 if n = 3, 5 or 7 (mod 8); Cn,2 = 4 if n = 2 or 6 (mod 8). 

Also by Lemma 4.1 above, we have 

ordtu(A^) = 12 if n = 2 or 3 (mod 4); ordty(A^) = 6 if n = 5 (mod 8); 

= 2 if n = 3, 5 or 6 (mod 8); — 4 if n = 2 or 7 (mod 8). 
Now substitute all of them into (4.1), the conclusion for case B then follows, and 
the proof is completed. □ 

For the groups of E{Q{^/rl)) and £'„(Q), we have the following results: 

Theorem 4.3. Let n be a square free integer satisfying one of the following 
conditions 



(1) n > and n = 5, 6 or 7 (mod 8); (2) n< and n = 1, 2 or 3 (mod 8). 
Then for the elhptic curves E and En as above, if both I]I(£^„/Q) and III(£^/Q(y^)) 
are finite, we have 



In particular, both E{Q{^/ri)) and -E'n(Q) are infinite groups. 

Proof. For each n satisfying the given condition, by the above Lemma 4.2, we 
know that the conrresponding MKT index S{E, Q, K) is odd. Since rank(E(Q)) — 
and M{E/Q) = (see e.g., [Rl]), by the above Corollary C we get rank(£;(Q(Vn))) = 
rank(£^„(Q)) — rank(£^(Q)) = 1 (mod 2), which implies the conclusion, and the proof 
is completed. □ 

For the Shaf are vich- Tate groups III {E/Q{^/n)) and the BSD conjecture for 
E/Q.{\/n), we have the following results: 

Theorem 4.4. Let n be a square free integer satisfying one of the following 
conditions 

(1) n > and n = 1, 2 or 3 (mod 8); (2) n < and n = 5, 6 or 7 (mod 8). 
Then for the elliptic curves E — E\ : — — X and En as above, if the full BSD 
conjecture is true for En over Q with L{En/Q, 1) 7^ 0, and III {E/Q{^/ri)) is finite, 
we have 



rank(£;(Q(Vn))) = rank(K(Q)) = 1 (mod 2). 




if n > and n=l (mod 8), 




if n > and n = 3 (mod 8), 



2-2 




2 if n > and n = 2 (mod 8), 



2-2 



—n 



if n < and n = 5 or 7 (mod 8) , 



2 



if n < and n = 6 (mod 8) , 



■n/2 



where a\n\ and (i'^n/2\ Fourier coefficients of the above modular forms / and 

/'. Moreover, the full BSD conjecture is true for E over the quadratic field Q{^/n). 

Proof. We prove the case that n > satisfying n = 1 (mod 8), the other cases 
can be similarly verified. For this case, by Lemma 4.2 above, the conrresponding 



MKT index d{E,Q,K) = 2LJo{n). By the assumption, L(E„/Q, 1) ^ and the 
full BSD conjecture is true for En over Q, so r„,Q = 0, III (£'„/Q) is finite and 
L{En/Q, 1)/0e„/q = (BSD)^^q(£;„) with ^e^/q = uj/^/n, where 



We have Reg^ = 1 because r„,Q = 0; obviously, d{Q) = 1; also ti-£^„(Q)tors = 4 

(see [Sil], pp.346, 347); moreover, Coo — 2 because En is not connected over M, then 
from [R3] we have 



n Cy = Coc-Ylcp = 2x 22'^°(")+^ = 22'"°(")+^ hence 

vGMq p<oo 

LiEn/Q, 1) = nE„/^ X (BSD)^_^j(E„) = 2^-«(")-2 x ^ x « m(EjQ). (4.2) 

On the other hand, by Tunnell's theorem (see [T], [Kob]), we have L(£J„/Q, 1) — 
oua^/ (4v^) with the Fourier coefficient a„ of the modular form / mentioned above. 
Therefore by (4.2), we get ft Ul{En/Q) = 2-2'^o(") • a^. As mentioned before, 
ni(^/Q) = 0, and £;(Q) = ^(Q)[2] ^ {Z/2Zf , so tk = r„,Q + rQ = 0, and it is easy 
to know that E{K)tors = -E(Q)[2], hence by definition, we have {E{Q) : Nn{Q)) = 4. 




ti m(E„/Q) n 



.veMfj, 



c, 



■V 




By assumption, III {E/Q{^/ri)) is finite, hence by Theorem 3.2 above, we get 
= 22'^°(") • . 2-2'^o(") • = 2-^0^. In particular. 



III(£/Q(V^)) ^ 2.o{n)-4 



Therefore the conclusion of the Shafarevich-Tate groups III {E/Q{y/n)) is obtained. 
Next we come to verify the full BSD conjecture for E over K — Q{^/r^). Since 
tk = 0, L{E/Q, 1) = 00/4 (see [Rl]) and L{E/K, 1) - L(£;/Q, 1) • L{EJQ, 1) 7^ 0, 
we only need to show that 

L{E/K, 1) = He/k X (BSD)^ (4.3) 

^U1(E/K)U aM 

where (BSD)^,^(£;) = Reg^,^(£;) x 1± -. 

To see this, firstly, the discriminant d{K) — n and Reg^ ;^(£') = 1 because vk — 0; 
also, by definition, it is easy to know that flE/K = (see[D], p. 22). Since 2 is split 
in K, there are two places wi,W2 of K lying over 2, and by Lemma 4.1 above, we 
have — c^^ — 2. Note that, over E has good reduction everywhere except at 
the places and w^, hence H^^Mk and «;<oo = I\.w\2 = Cwi-Cw2 = 4; Moreover, 
since K is real, there are two real embeddings cti, (72 : -fC ^ R, so Hwioo ~ 
Ci,oo ■ C2,oo = 2x2 = 4. Therefore, together with the above result of III (E/K), we 
have 



(BSD)^^^(£;) = Reg^,^(£;) x 



Vd{K) X ^E{K) 



2 

tors 



2 • n«;|oo '^w ■ Y[w\2 '^w 
1 X ^= ' 

Vn- 16 

le^n' 



On the other hand, by the above discussion we have 



L{E/K, 1) = L(E/Q, 1) ■ L{EJ<^, 1) = ^ 



4 " 
(BSD)^_^(£;) = n^/K X (BSD)^^^(£;). 

Therefore the equahty of (4.3) holds, this proves the full BSD conjecture for E over 
and the proof of Theorem 4.4 is completed. □ 

5. Shafarevich-Tate groups and Heegner points. 

In this section, let E be an eUiptic curve defined over Q, Ne be the conduc- 
tor of £^/Q, let K = Q{\/D) be an imaginary quadratic field with fundamental 
discriminant D satisfying the Heegner hypothesis, that is, 

Heegner hypothesis. All prime numbers p dividing Ne are split in K. 
Then there exists a Heegner point Pk G E[K) (see [GZ], [Koll~3]). We have 
the following results of Shafarevich-Tate groups and Heegner points: 

Theorem 5.1. (1) Let E be an elliptic curve defined over Q, and K = Q(v^) 
be an imaginary quadratic field satisfying the Heegner hypothesis. Let Pk be a 
Heegner point ol E[K)^ if Pk is of infinite order, then 

U1{E/K) I 2-i-'5--^« ■ (E(Q) : NoiQ)? if L{E/Q, 1) = 0. 

(2) For the elliptic curve E : y'^ — — x -\- \ and the imaginary quadratic field 
K — Q{\/D) satisfying the Heegner hypothesis, if the Heegner point Pk G E{K) is 
of infinite order, then 

UI{E/K) = • UI{En 



In particular, for each D e {-7, -11, -47, -71, -83, -84, -127, -159, -164, -219, 
- 231, -263, -271, -287, -292, -303, -308, -359, -371, -404, -443, -447, -471}, 
the group III (E/K) is trivial. 

Proof. (1) For the elliptic curve E/Q and the field K, by definition, 5*00, i = 
{oo} and S = {p : p is a prime number and p \ DNe}- By the Heegner hypothesis, 
Ne is prime to D, and So — {p : p is a prime number and p \ D},m particularly, E 
has good reduction at each prime p e 5*0, so Sg U Sgu = So, and then Sa = Ssmr — 
Snsmr — 0- Heucc by definition, 5{E,Q_,K) — 5oo -\- 8g with = 1 (resp., 0) if 
A(£^) > (resp. A(£J) < 0). On the other hand, by the Heegner hypothesis, from 
the functional equation it is easy to see that L{E/K, 1) = 0. Since the Heegner point 
Pk is of infinite order, by the formula of Gross-Zagier (see [GZ]), the analytic rank 
oi(\.s=iL[E / K , s) = 1, which implies (see, e.g. [GZ]) 

ords=iL{E/Q,s)^l and L{Ed/Q,1) 0; or 
ords=iL{ED/Q,s) = l and L(E/Q, 1) 7^ 0. 

Then by the theorems of Kolyvagin and Gross-Zagier (see [Koll~3], [GZ]), we 
know that tq = OTds=iL{E/Q, s) and rD,Q = OTds=iL{EE)/Q, s), moreover, all 
the groups III {E/ K),UI (E/Q) and III (Ed/Q) are finite. The conclusion then 
follows directly from the above Theorem 3.2. This proves (1). 
(2) For the elliptic curve E : y'^ ^ -x+\, its discriminant A(£') = A^g = 37 > 0, 
and the equation y'^ + y = — x is a global minimal equation of E over Q. By a 
theorem of Kolyvagin (see [Kol3], p. 444), we know that L(E/Q, 1) = 0, tq — I and 
m (E/Q) = 0, moreover, E{Q) = ZPq with Pq = (0, |). Now from the proof of (1), 



we have — 1 because A.{E) > 0, then by the formula in (1), we get 

UI(E/K) = 2^+*^ • (E(Q) : NoiQ))-'' ■ ft UI(Ed/Q). (5.1) 

Since E{Q)/2E{Q) ^ Z/2Z x E{Q)[2] = Z/2Z because E{Q)[2] = 0, by definition, 
{E{Q) : ArD(Q)) I {E{Q) : 2£;(Q)) = 2, hence Nd{Q) = E{Q) or 2E{Q). But by the 
group law algorithm (see [Sil], p. 53), it is not difficult to verify that Pq ^ Nd^Q), 
which implies Nd{Q) = 2E{Q), so {E{Q) : Nd{Q)) = 2. Substituting it into (5.1), 

we get 

in(£;/X) = 2^« • UI(En/Q). (5.2) 
This proves the first conclusion in (2). 

Now we assume that D is one of the given 23 integers. Then by a theorem of 
Kolyvagin (see [Kol2], p.477). III {Er>/Q) = 0. So we only need to compute 5g. Prom 
the discussion in (1), we know that Sg U Sgu = Sq, moreover, it is easy to know that 
Sgu — {2} if and only if D is even, otherwise, Sgu — 0. Furthermore, it can be seen 
easily that E has good supersingular reduction at 2. Hence by definition, we have 

Sg= dim2:^(Fp)[2]+£(2) 

pe5o\{2} 

with £(2) = 1(1 - {-ly^i^)) (resp., 0) if D is even (resp., odd). Obviously £(2) = 
for each of these 23 integers, and by calculation, it can be easily seen that Ep(¥p)[2] = 
{O} for each p e So\ {2}, which implies 5g — 0. Therefore, by (5.2), we get 
tJ m{E/K) = ft m{ED/Q) = 1, that is. III (E/K) is trivial. This proves (2), and 
the proof of Theorem 5.1 is completed. □ 
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